In this paper we present a generalization of the Eberlein, de Leeuw and Glicksberg decomposition theorem for weakly almost periodic functions which does not rely on any fixed point theorem for its proof. A generalization of the Ryll-Nardzewski fixed point theorem is given.
Introduction.
In the present note we generalize certain results pertaining to the theory of weakly almost periodic functions, such as the Eberlein decomposition theorem [4] (in the general form given to it by de Leeuw and Glicksberg [2] ) and the Ryll-Nardzewski fixed point theorem [18] . One feature of our approach is that the decomposition theorem is obtained without recourse to the Ryll-Nardzewski (or any other) fixed point theorem.
We begin with some notations and standard definitions.
A flow (2, X) consists of a semigroup 2, a topological space X, and a homomorphism from 2 to the semigroup of continuous maps from X to X (in which composition of maps is the binary operation).
As is customary, we suppress the homomorphism and write simply ax for the image of x £ X under (the image of) 0" £ 2. If [| is a uniformity compatible with the topology of X, we can speak of (2, X) being distal relative to U. This means for every pair x, x £ X, x / x , there exists U eu such that iox, ax') 4 U, a e 2. If the uniformity is understood or unique (as in the case of X compact Hausdorff) we say simply that (2, X) is distal. If LI is defined by a metric D( • , • ), then distality relative to U is equivalent to infaeSDiax, ax ) > 0 for x / x'.
If (2, X) is distal with X compact Hausdorff, there is an associated object F = E(2, X), called the Ellis group.
To construct E, let 2 (or more correctly the image of 2) be regarded as a subset of the Tychonoff compact space X , and define E to be the closure of 2 in this space. E is a subgroup of the semigroup Proof. 2Q is a subsemigroup of 2 which generates 2 and therefore E(2Q, X) = E(2 , X) = E(2, X). The claim follows now because closure (2Qx) = E(2*0, X)x = E(2, X)x = closure (2x).
Finally, recall that a flow (2, X) is minimal if 2x is a dense subset of X for every x £ X. (d) X has a countable r dense subset.
Let (2, X) be a ¡low on the discrete space X, and assume (i) (2, X, r.) z's a minimal flow.
(ii) (2, X, D) is a distal flow. Then (2, X, r.) is a distal flow.
Proof. Let x., x2, ... be z"2 dense, and define, for each n, <f> (x) = D(x, x^).
If C is the fj residual set of points of r^ continuity for <p , define C = fl~_1Cn.
C / 0 by the Baire category theorem. We will show D(x, • ) is r^ continuous at x for every x £ C. To this end fix e > 0 and let n be such that D(x, x ) < e/3. Then r. = r and in particular (2, X, r.) is equicontinuous.
Proof. Let C be the set constructed in Lemma 2. Then X is norm compact. 3. The algebra /C(2). In this section 2 is assumed to be a group. We use l°° = Z°°(2) to denote the Banach space of bounded, complex-valued functions 2.
Proof
To each / £ I we associate a compact space X the weak-*closure of the set of right translates of /. (l°° is the dual of the space of absolutely summable functions on 2, and "weak-" is with respect to this duality.) Letting 2 act by right translation on X we obtain a flow (2, X,).
If 2p 22 are subsets of 2, and if / £ l°°', we shall denote by X(/,2j,22)C /°°(22) the set of restrictions to 22 of the weak-closure (in /°°(2)) of the right translates of / by elements of 2j. Thus, X(f, 2, 2) = X .
3.1 Definition. K(2) is the set of f £ lx having the property that X(/,2p22)
is norm separable for all countable sets 2,, 22 C 2. then because S f £ X., both g and h are K(2). Shortly we will see that g is almost periodic (X is norm compact).
3-5 Proposition. // 2 is a countable group, then any right minimal element of K (2) is almost periodic. is distal and equicontinuous because 2 acts by norm isometries. By Lemma 2.6, X is norm compact, and so / is almost periodic. A necessary and sufficient condition for (3-8) to hold is that there exist a countable subgroup 2j of 2, containing CTj, a2, ■ ■ ■ , such that (3-8) holds on 2j.
Since / is almost periodic on 2j, (3-8) cannot hold on 2j, and therefore it cannot hold in 2. Thus / is almost periodic.
Returning to the decomposition preceding Proposition 3-5 we see that if / = g + h, g = S f, h = f -g, fot fe fí(2), then g is almost periodic. Proof. Let S be a right minimal idempotent, and set g = S f, h = f -g. g is almost periodic by 3.7. As for h, it is weakly almost periodic, and therefore \h\ is weakly almost periodic [4] . Since S \h\ = \S h\ = 0, and since S \h\ is a The theorem is proved.
It seems not to have been noted before that Godement's decomposition theorem for positive definite functions can be derived from 3.9. We indicate this here. The referee has pointed out to us that Godement's theorem also follows easily from the (post Ryll-Nardzewski) theory of weakly almost periodic representations. 4. Remarks. Since this paper was written, Professor I. Namioka has informed us that the approach of §2 yields the following generalization of the Ryll-Nardzewski fixed point theorem for locally convex spaces. We omit the details.
Theorem (Namioka) . Let (E, J ) be a locally convex Hausdorff linear topological space, let C be a nonvoid weakly compact convex subset of E, and let 2 be a semigroup of weakly continuous affine maps of C into itself. it is equivalent to say that / is weakly almost periodic in the sense of §3. Taking into account the fact that g and h in 3.9 lie in the closed translation invariant subspace generated by /, we see that both g and h ate continuous. Therefore 3.9 (and its proof) imply the decomposition theorem in full generality.
